Multiphoton cross sections of conductive electrons stimulated bremsstrahlung in doped bilayer graphene,"
Introduction
For over 20 years, single-layer graphene (SG) 1,2 has attracted great interest for its unusual electronic transport and the characteristics of relativistic charge carriers behaving like massless chiral Dirac fermions. [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] Bilayer graphene (BG) consists of two graphene AB-stacked single layers. If the SG graphene band structure has a linear dispersion, BG has a quadratic dispersion [15] [16] [17] [18] [19] in the low-energy mode, which makes it similar to two-dimensional (2-D) semiconductor systems, 20 except for the absence of an energy gap. The BG is useful for both technological and fundamental applications. [15] [16] [17] [18] [19] [21] [22] [23] [24] In particular, the BG is of current interest because of a tunable bandgap, 22, [25] [26] [27] extraordinary quantum Hall physics with an eightfold degenerate zero-energy Landau level, 18 and anomalous disorder and charge-carrier scattering. [28] [29] [30] Moreover, BG is of interest for its considerably richer properties at multiphoton resonant excitations and high harmonic generation. 11, 31, 32 However, little is known about the effective absorption of coherent electromagnetic (EM) radiation via the multiphoton-stimulated bremsstrahlung (SB) process 5 on charged impurity ions in BG. Among the effects induced by external radiation field processes, SB is one of the first stimulated effects in laser-matter interaction that has been revealed after the invention of lasers. 33, 34 The SB process is the main mechanism of energy exchange between charged particles and a plane monochromatic wave in the plasma-like medium for real absorption-emission processes.
As it is known, the interaction of the electron with the EM wave in initially nonrelativistic plasma media and the photon energy ℏω > T e is described by the dimensionless intensity parameter of intensity χ 0 ¼ eE 0 =ω ffiffiffiffiffiffiffiffiffiffiffiffi m e ℏω p 5 (where E 0 is the wave field strength amplitude, ω is the frequency of the wave, e and m e are the elementary charge and mass, respectively, and T e is the electron temperature). The χ 0 is the ratio of the amplitude of the momentum given by the wave field to momentum at the one-photon absorption. Hence the intensity of the wave expressed by the parameter χ 0 can be estimated as I χ 0 ¼ χ 2 0 × 1.74 × 10 12 W cm −2 ðℏω=eVÞ 3 . 8 Multiphoton effects become essential at χ 0 ∼ 1, which for terahertz photons ℏω ∼ 0.01 eV corresponds to the intensity I χ 0 ¼ 1.74 × 10 6 W cm −2 . Meanwhile, in BG for intraband transitions, the wave-particle interaction at the photon energies ℏω > E L 11 is characterized by the known dimensionless intensity parameter χ ¼ χ 0 ðm e → m Ã Þ (where m Ã is an effective mass of chiral particle and E L ≃ 1 meV is the Lifshitz energy). Depending on the value of the parameter χ, three regimes of the wave-particle interaction can take place: χ ≪ 1, which corresponds to one-photon interaction; χ ≫ 1, which is the static field limit or the so-called Schwinger regime; 35 and χ ≿ 1, which corresponds to the multiphoton interaction. 6 The wave intensity for the given χ can be expressed as I χ ¼ χ 2 × 6 × 10 10 W cm −2 ðℏω=eVÞ 3 . 11 Comparison of this intensity threshold with the analogous one for the plasma electrons shows the substantial difference I χ 0 ¼1 =I χ¼1 ∼ 30 between the values of these thresholds (instead of the light speed, here stands up the Fermi velocity-much less than the light speed in a vacuum). Thus, for realization of multiphoton SB in BG, one can expect ∼30 times smaller intensities than for SB in atoms. 7, 8, 33, 36, 37 In addition, the consideration in this paper is that the pump wave photon energy range of interest lies "in the domain from the terahertz to mid-infrared frequencies," where the high-power terahertz or infrared generators and frequency multipliers are of special interest. In general, the role of coherent radiation in the domain from the terahertz to mid-infrared frequencies for the study of nonlinear phenomena in condensed matter physics is important.
Electrons' elastic scattering on impurity ions in intrinsic SG has been investigated mainly within the framework of perturbation theory by electrostatic potential (see, e.g., Refs. [38] [39] [40] [41] [42] [43] [44] . In the SB process in graphene at moderate intensities of stimulated radiation, in the case of its linear absorption by electrons (or holes), there are extensive investigations carried out in the scope of the linear theory (see, e.g., Refs. [45] [46] [47] [48] [49] . Multiphoton cross sections for SB of conductive electrons in intrinsic SG have been obtained in the Born approximation over the scattering potential in the presence of an external EM radiation (see, Refs. 50 and 51). The transport properties of the BG are studied theoretically within a self-consistent Born approximation in the papers. 16 The transport and elastic scattering times on impurities in SG and BG are investigated experimentally and a comparison with theoretical predictions has been made in Refs. 52-57. In the present paper, the earlier developed 50 quantum mechanical consideration of nonlinear stimulated scattering of charged carriers on the Coulomb field of impurity ions in SG in the presence of an external strong coherent EM radiation was extended to doped BG. The selected range of coherent radiation "from the terahertz to mid-infrared frequencies" excludes the valence electrons excitations at high Fermi energies. The interaction of electrons with the scattering potential is considered in the Born approximation. The analytic formulas in the case of screened Coulomb potential have been analyzed numerically for actual parameters of the interaction system in the strong radiation field. The results of our investigations show that in the domain from the terahertz to mid-infrared frequencies one can achieve efficient rates of absorption of pump waves already at moderate intensities by this mechanism.
In Sec. 2, the multiphoton rates and total cross sections of the SB process of conductive electrons on the charged impurity ions in BG have been obtained. In Sec. 3, the analytic formulas in the case of screened Coulomb potential have been analyzed numerically and the results for the partial differential cross sections of SB, as well as the angular dependence of scattered electrons on the incident radiation intensity are received. Conclusions are given in Sec. 4.
Multiphoton Transition Amplitudes and Cross Sections of Two-Dimensional Dirac Fermions Stimulated Bremsstrahlung in Doped Bilayer Graphene
In the following, we will develop the scattering theory for the 2-D chiral fermions on arbitrary electrostatic potential UðrÞ of an impurity ion in doped BG in the presence of external EM wave of moderate intensities, analogous with intrinsic SG. 50 Using the scattering Green function formalism in the Born approximation by potential UðrÞ, we will obtain the SB rates. Note that the pioneering treatment of nonrelativistic SB in the Born approximation has been carried out analytically in Ref. 33 . Then this approach has been extended to the relativistic domain. 36, 37 In accordance with the quantum theory, the transition amplitude of the SB process in the coherent EM radiation field from the state with the canonical momentum p 0 ðp x ; p y Þ to the state with momentum pðp x ; p y Þ in graphene plane ðX; YÞ can be written as
where bispinor function Ψ þ is the complex conjugation of Ψ.
We use an even simpler model for BG, which neglects both the electron-hole asymmetry and the trigonal warping. To exclude the valence electrons excitations at high Fermi energies in graphene, we will assume the EM wave to be terahertz ("or mid-infrared") radiation. The BG system is still chiral due to the A=B sublattice symmetry giving rise to the conserved pseudospin quantum index. The detailed chiral four-component wave function for the bilayer case, including both layer and sublattice degrees of freedom, can be found in the original literature in Refs. 15, 23, 25, 28, and 29. In accordance with the nonlinear quantum theory of BG, in the mentioned case with energy window 0.002 eV ≲ ε ≲ 0.1 eV in the vicinity of Dirac points K ζ (valley quantum number ζ ¼ AE1) in the Brillouin zone, the fermion particle wave function Ψ p ðr; tÞ in the strong EM wave field may be presented as E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 0 2 ; 1 1 6 ; 5 6 8
Here, parameter S is the quantization area-graphene layer surface area;
E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 0 3 ; 1 1 6 ; 5 0 7
E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 0 4 ; 1 1 6 ; 4 4 4
are the spinor wave function F pσ and the temporal phase Ωðp; tÞ. The function ϑ½p þ e=cAðtÞ, given in the form 
defines the angle between the vectors of particle kinematic momentum p ¼ pðp x þ e=cA x ; p y Þ in the EM field and the wave vector potential AðtÞ ¼ −c∫ t 0 Eðt 0 Þdt 0 (where unit vectorê is directed along the axis OX). The BG has a low-energy dispersion, which is approximated 18, 29 by massive valence and conduction bands without a gap (opposite to zero-mass bands in SG). The quasiparticle energy εðpÞ is defined as εðpÞ ¼ σðp 2
x þ p 2 y Þ=2m Ã , where σ ¼ AE1 correspond to the conduction/valence bands; m Ã ¼ γ 1 =ð2v 2 F Þ, where γ 1 ≃ 0.39 eV is the interlayer tunneling amplitude and v F is the intrinsic SG Fermi velocity. This parabolic dispersion applies only for small values of p satisfying p=ℏ ≪ γ 1 =ðℏv F Þ and for carrier densities (or, equivalently, the impurity densities) smaller than 5 × 10 12 cm −2 , respectively. In the opposite limit, p=ℏ ≫ γ 1 = ðℏv F Þ and for the carrier densities larger than the last, we get a linear band dispersion εðpÞ ¼ σℏpv F , just as in the intrinsic SG case. 58 For the actual parameters, the effective mass for BG is m Ã ≈ ð0.033 ÷ 0.05Þm e , with free electron mass m e .
The spin and the valley quantum numbers are conserved. There is no degeneracy upon the valley quantum number ζ for the issue considered. However, since there are no intervalley transitions, the valley index can be considered a parameter.
The wave will be applied in the perpendicular direction to the BG sheet (XY) to exclude the effect of the magnetic field. For the simplest, the plane quasimonochromatic EM wave of frequency ω is taken to be linearly polarized along the X axis: EðtÞ ¼ E 0 cos ωt. It is clear that, at such small Fermi velocities of scattered particles, the plane monochromatic wave will turn into the uniform periodic electric field of frequency ω ¼ 2π=T. Similar calculations for a wave linearly polarized along the X axis show qualitatively the same picture.
The known formalism of the time-dependent scattering theory can be applied to obtain the multiphoton (χ ≿ 1) SB process transition amplitude T pp 0 between the unperturbed states Ψ p and Ψ p 0 . Thus, we can write for transition amplitude the following ratio:
which can be expressed as E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 0 7 ; 1 1 6 ; 6 8 7
where E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 0 8 ; 1 1 6 ;
is the Fourier transform of the scattering potential. Taking into account the relation Eq. (7) for the impurity potential of the arbitrary formŨ, we will have for T pp 0 the following relation:
E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 0 9 ; 1 1 6 ; 5 5 3
Using Eq. (9), the impurity ion potential can be represented as E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 1 0 ; 1 1 6 ; 4 7 0
where the periodic function BðτÞ of time is defined as E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 1 1 ; 1 1 6 ; 4 1 1
and the time-depended modules of the "quasienergies" E 0 and E are E Q -T A R G E T ; t e m p : i n t r a l i n k -; s e c 2 ; 1 1 6 ;
(with corresponding "quasimomentums" P 0 fp 0x þ e=cA x ðtÞ; p 0y g, Pfp x þ e=cA x ðtÞ; p y g). Further, we made the Fourier transformation of the function BðtÞ over t by the relations:
E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 1 2 ; 1 1 6 ; 2 5 0
E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 1 3 ; 1 1 6 ; 1 8 6B
BðtÞ expðinωtÞdt:
Thus, by carrying out the integration over t in Eq. (10), we have obtained the transition amplitude T pp 0 :
E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 1 4 ; 1 1 6 ; 1 3 8
The differential probability dW pp 0 of the SB process in strong pump wave field per unit time, from the electron or hole state with 2-D momentum p 0 to a state with momentum p in the phase space g v g s SdP=ð2πℏÞ 258 in the Born approximation may be described as
where dθ is the differential scattering angle. Here, the degeneracy factor is g v g s ¼ 4 due to the valley and spin degeneracies. Dividing the differential probability W pp 0 [Eq. (14) ] of SB by initial flux density jP 0 j=m Ã and integrating over dP, we can obtain the multiphoton differential cross section dΛ=dθ of SB for quasiparticles in doped BG: E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 1 6 ; 1 1 6 ; 6 3 9
where E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 1 7 ; 1 1 6 ; 5 7 8
is the partial differential cross section of n-photon SB with a maximum number of emitted photons n max . The total multiphoton scattering cross section dΛ=dθ will be obtained making summation over the photon numbers in the formula for differential partial cross sections dΛ ðnÞ =dθ [Eq. (16)], which may be expressed as E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 1 8 ; 1 1 6 ; 4 8 4
We produce the expansion in Eq. (18) into a Taylor series, keeping only the terms of the first order over the electric field and we will obtain the partial differential cross sections of SB in the case of linear theory. Thus, we can obtain the asymptotic formula for the partial differential cross sections of the SB process in the weak wave field AðtÞ:
E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 1 9 ; 1 1 6 ; 3 2 6
Here, the time dependent C 1 coefficient is defined as E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 2 0 ; 1 1 6 ; 2 3 5
Comparing the n-photon cross section dΛ ðnÞ [Eq. (18) ] of the SB process with the elastic one, we conclude that Eq. (18) at AðτÞ ¼ 0 (n ¼ 0) passes to the elastic scattering cross-section dΛ elast , 16 which is the analog of the Mott formula but in 2-D scattering theory:
E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 2 1 ; 1 1 6 ; 1 1 9
The phase term 
where θ q ¼ 2ζϑðp 0 Þ − 2ζϑðpÞ. The term Eq. (22) is a wave function form factor associated with the chiral nature of BG, and the last is determined by its band structure. Let us here consider even a coherent interaction of BG with a pump wave in the ultrafast excitation regime, which is correct only for the times t < τ min , where τ min is the minimum of all relaxation times. For the considered excitations of energies E ≪ γ 1 ¼ 0.39 eV, the dominant mechanism for relaxation will be electron-phonon coupling via longitudinal acoustic phonons. 59, 60 In the low-temperature limit T ≪ 2c ph =v F ffiffiffiffiffiffiffi Eγ 1 p , where c ph ≃ 2 × 10 6 cm=s is the velocity of the longitudinal acoustic phonon, the relaxation time for the energy level E can be estimated as 60 E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 2 3 ; 1 1 6 ; 5 4 6
Here, D ≃ 20 eV is the electron-phonon coupling constant, and ρ m ≃ 15 × 10 −8 g=cm 2 is the mass density of BG. For 0.002 eV < E < 0.1 eV, at temperatures T e ∼ 0.25 meV, from Eq. (23) we obtain 130 ps < τðEÞ < 950 ps. Thus, in this energy range, one can coherently manipulate with interband multiphoton transitions in BG on timescales t ≾ 100 ps, taking into account the negligible role of collisions for the given SB process.
Cross Sections of Stimulated Bremsstrahlung on the Screening Coulomb Potential of Impurity Ions in Doped Bilayer Graphene
Below, we will obtain the partial differential cross sections in the particular case of the SB process on a screened Coulomb potential of impurity ions in BG, using Eq. (18) . An analytic form of Coulomb screening in BG 23, 58, 61, 62 has been performed analogous with the case of intrinsic SG. 41, 44 So, the Fourier transformŨðqÞ ¼ ∫ UðrÞe −iqr dr of a charged impurity center of potential can be written as E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 2 4 ; 1 1 6 ; 3 2 2Ũ
where the screening term ϵðqÞ (q ¼ jqj) is the 2-D finite temperature static dielectric function in random phase approximation (RPA) appropriate for BG, which is given as 23, 61 E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 2 5 ; 1 1 6 ; 2 5 3
=ℏ is a 2-D Fermi wave vector in the BG case; q s ¼ k TF =k F ¼ 4m Ã e 2 log 4=ðκℏ 2 Þ (∼n −1=2 for BG 61 ) is the 2-D Thomas-Fermi screening wave vector given as k TF 58 scaled on k F , which controls the dimensionless strength of quantum screening; and κ is the background lattice dielectric constant of the system. The function Θðq − 2k F Þ is the step function (or staircase function). The functions gðqÞ and fðqÞ are defined as 61 E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 2 6 ; 1 1 6 ; 1 5 2
E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 2 7 ; 1 1 6 ; 9 3 fðqÞ ¼ 1 þ
where q ¼ q=k F . This usual 2-D dispersion or the static screening one 23 does not depend on the wave vector or wave frequency. The last is the particular case of the wave vector-dependent plasmon dispersion and the wave frequency-dependent screening function case, respectively. 63 The last dielectric function and screening show very different behavior than in the usual 2-D graphene case, and the plasmons creation will be actual. For the following numerical considerations, it is convenient to represent the differential cross sections of SB on the charged impurities in the form of dimensionless quantities. We will obtain the final form for the dimensionless partial differential cross sections of the SB process dΛ ðnÞ =dθ, taking into account Eqs. 
In Eq. (28) 
E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 3 0 ; 1 1 6 ; 3 9 3
As mentioned in Sec. 1, the intensity I χ strongly depends on the parameter χ and the photon energy. At χ ≳ 1, the multiphoton effects become essential. So, for numerical analysis of multiphoton SB cross sections in graphene, we assume coherent EM radiation with intensity dimensionless parameter χ ≳ 1 in the particular case of the fixed photon energy ℏω ¼ 0.01 eV (λ ¼ 1.24 × 10 6 Å) "from the terahertz to mid-infrared domain." The Fermi energy is taken to be ε F ¼ 20ℏω (ε F ≫ ℏω) and the dielectric environment constant is κ ¼ 2.5 for an impurity strength in the presence of the SiO 2 substrate. 30 Note that, while for graphene on SiO 2 substrate corresponding to κ ¼ 2.5, 44 in particular, covering BG on SiO 2 with ice, it can change the last to κ ¼ 3.5, which would increase the conductivity by 10% for permitted charged impurity density ∼10 12 cm −2 . 30 The band dispersion is quadratic and only the lowest sub-band is occupied 17, 21, 23 and the RPA theory is applied in the density domain 10 10 cm −2 < n < 5 × 10 12 cm −2 . In the particular case for a homogeneous carrier density n ¼ 10 11 cm −2 , the dimensionless effective screening vector q s is defined as 61 where q s ¼ 17.329. In the context of graphene, it has given a useful direct comparison between screening in SG versus a screening in BG:
E Q -T A R G E T ; t e m p : i n t r a l i n k -; s e c 3 ; 1 1 6 ; 1 5 1 q BG TF =q SG TF ≈ 16= ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi n × 10 −10 cm 2 p ;
which shows that as carrier density decreases, BG screening becomes much stronger than SG screening. 61 The quantum dynamics of multiphoton emission and absorption processes at the electron-impurity ion SB is studied, making time integration in Eq. (28) by the fourth-order Runge-Kutta method. The all numerical results are for the valley ζ ¼ 1. The figures in the following illustrate the SB at different intensities of a stimulated wave of linear polarization.
To reveal the peculiarities that can be associated with the chiral nature of BG and its parabolic dispersion, a comparison with the SG case has been made. In Figs. 1-5 , the envelopes of partial differential cross sections dΛ ðnÞ =dθ [Eq. (28) ] of SB in BG are plotted as a function of the electron deflection angle θ − θ 0 and the angle θ 0 between the vector of the electron initial momentum and electric field strengths of a coherent EM radiation field. Then, Fig. 1 shows the elastic scattering part (n ¼ 0), and Figs. 2-5 correspond to SB for the different number of absorbed photons n > 0. Similar calculations for emitted photons at n < 0 show qualitatively the same picture so that it is omitted. The angular dependence of partial differential cross sections in these figures is displayed for various intensities: in Fig. 1(a dΛ (1) 
Fig. 2 Partial differential cross section dΛ ðnÞ = dθ (in angstrom) of the SB process for photon number n ¼ 1 and laser intensities:
As is seen, the maximum values of the multiphoton SB partial cross sections at n ¼ 0 are reached in the direction of the electric field at θ − θ 0 ≃ 0. But with the increase of the photon number and the wave intensity, the angular distribution becomes more asymmetric. In comparison with the SG case, one can note that maximum values of the multiphoton cross sections correspond to substantially different values of the deflection angle θ − θ 0 . In particular, with the increase of the photon number, the multiphoton cross section maximums at a weak wave intensity χ ¼ 0.5 (closed to main elastic result) are reached at deflection angles θ − θ 0 ¼ AEπ. This demonstrates that the probability of the scattering under large angles (backscattering) is considerable. As is seen from these figures, with the increase of the photon number and the wave intensity, the SB partial differential cross sections' maximums are shifted to the direction of the wave electric field. dΛ (2) To demonstrate the dependence of SB cross sections on the number of emitted or absorbed photons, the envelopes of the partial cross sections nΛ ðnÞ for various angle θ 0 between the initial electron momentum and the wave electric field are presented in Fig. 6 . For this goal, the SB partial differential cross section Eq. (28) is integrated over the scattering angle of the outgoing electron for fixed initial angle θ 0 and at various pump wave intensities. For photons in the domain from the terahertz to mid-infrared frequencies, the multiphoton interaction regime in BG can be achieved already at the intensities I χ ∼ 10 4 W cm −2 . Figure 6 shows that, with the increase of coherent radiation intensity, the multiphoton cut-off number increases, and, compared with the one-photon scattering in linear theory [Eq. (19) ], the multiphoton effect becomes dominant. As one can see, when considered for numerical calculations intensities, the (a) dΛ (4) (4) multiphoton SB process has strongly nonlinear behavior. Hence, one can expect a strong deviation for the wave absorption in doped BG from the linear case. Note that in Fig. 6 the doped BG partial cross-sections behavior is similar to the intrinsic SG one for the certain initial angle θ 0 ¼ π=2 rad only. As shown in Fig. 6 , the envelopes of the partial cross sections nΛ ðnÞ for n > 1 (n < 1) have many characteristic maxima (minima) in the doped BG case, which is in sharp contrast with the doped SG case 50 where for the same interaction parameters one has a single maximum (minimum) in the absorption (emission) part. Next, as shown in Fig. 6 , with the increase of radiation intensity, the absorption becomes dominant over the emission process. Thus, the SB absorption process in doped BG can be feasible already at moderate radiation intensities. The total partial cross sections Λ ðnÞ for the elastic, one-and two-photon processes versus the intensity for various initial angles θ 0 are presented in Fig. 7 . As is seen from this figure, if the elastic cross section Λ ð0Þ decreases with the increase of induced radiation intensity, the partial cross sections Λ ð1Þ and Λ ð2Þ grow with the increase of intensity. In the presence of a strong radiation field, the elastic cross section is essentially modified. Hence, the strong coherent radiation field can allow manipulation of the electron transport properties of doped BG. Moreover, as is seen from Figs. 1-6 and comparison with the results for the SG case, 50 such a procedure can be more effective in the BG case.
Conclusion
The theoretical investigation of the multiphoton SB process in doped BG is given. Based on the quantum theory, we study the induced scattering of 2-D chiral particles on the charged impurity ions of an arbitrary electrostatic potential in the Born approximation. To exclude the interband transitions in doped BG, we have considered high Fermi energies and an external EM wave is taken to be in the domain from the terahertz to mid-infrared frequencies. The obtained analytical formulas for SB in coherent radiation field with linear polarization are analyzed numerically for a screened Coulomb potential of doped into BG impurity ions. The latter shows that, induced by a power radiation field, the scattering process in BG is strongly nonlinear. In comparison with the SG case, the new behavior, which may be associated with the chiral nature of BG and its parabolic energy dispersion, has been demonstrated. In particular, many maxima of SB partial absorption cross section in doped BG at multiphoton excitation in moderately intense radiation fields have been obtained. In addition, the elastic cross section is significantly modified by the pump wave, which opens new possibilities to manipulate the wave dressed electron transport properties in doped BG. The comparison with the results of the intrinsic SG case demonstrates that absorption of strong EM radiation in doped BG is of special interest, and this problem will be addressed in a forthcoming article. The results are significant because they could be tested experimentally. The standard terahertz lasers are available for the requirements. The obtained results clarify that the process of SB for terahertz or mid-infrared photons (wavelengths from 30 μm to 3 mm) can be already observed for intensity I χ ∼ 10 kW cm −2 . The requirement of high intensity in the terahertz regime does not preclude the use of standard terahertz lasers, which are available. 64, 65 
